Nuclear quadrupole moments (Qs) in three isotopes of potassium (K) with atomic mass numbers 39, 40 and 41 are evaluated more precisely in this work. The Q value of 39 K is determined to be 0.0614(6) b by combining the available experimental result of the electric quadrupole hyperfine structure constant (B) with our calculated B/Q result of its 4P 3/2 state. Furthermore combining this Q value with the measured ratios Q( 40 K)/Q( 39 K) and Q( 41 K)/Q( 39 K), we obtain Q( 40 K)= −0.0764(10) b and Q( 41 K)= 0.0747(10) b, respectively. These results disagree with the recently quoted standard values in the nuclear data table within the given uncertainties. The calculations are carried out by employing the relativistic coupled-cluster theory at the singles, doubles and involving important valence triples approximation. The accuracies of the calculated B/Q results can be viewed on the basis of comparison between our calculated magnetic dipole hyperfine structure constants (As) with their corresponding measurements for many low-lying states. Both A and B results in few more excited states are presented for the first time.
I. INTRODUCTION
Potassium (K) atom has three naturally abundant isotopes with atomic mass numbers 39, 40 and 41. Using the modern femtosecond laser frequency combs and polarization quantum-beat techniques, high precision measurements of hyperfine structure constants in 4P and 3D states are carried out [1, 2] . Also, a number of measurements of these quantities were carried out in the ground and other states long ago using the atomic beam magnetic resonance and level crossing techniques (e.g. see review article by Arimondo et al. [3] ). Theoretical studies of these quantities are of immense interest to atomic physicists to test the accuracies of the wave functions in the nuclear region [4] [5] [6] . However, theoretical evaluation of these quantities require atomic calculations and nuclear moments [4, 5, 7, 8] . Nuclear magnetic moments (µs) of the above K isotopes are known very precisely and the reported results from various studies matches reasonably well with each other [9] . On the other hand, the reported nuclear quadrupole moments (Qs) from various works on these isotopes differ significantly. For example, Q value of 39 K is reported as 0.07(2) b [10] , 0.049(4) b [3] , 0.0601(15) b [11] and 0.0585 b within one percent error [12] . The latest result, 0.0585(6) b, is now considered as the standard Q value for 39 K [9, 13] . Accurate knowledge of Q values of these isotopes are useful in many applications. These information are interesting in order to test the potential of nuclear models [14, 15] , acquiring information about local symmetry [16] , to find out asymmetry parameters in nuclei [17, 18] , for studying the Mossbauer spectroscopy for the structural determination of the element containing solid state compounds [19] etc.
In this paper, we analyze the electric quadrupole hy-perfine structure constants for many states in K and report precise Q values of its above mentioned isotopes. As discussed later, we find the new values to be larger than the considered standard values in the literature. Atomic wave functions are calculated using relativistic coupledcluster (RCC) method in the Fock-space representation and matrix elements of the hyperfine interaction Hamiltonians are estimated using these wave functions in the considered atom. The rest of the paper is organized as follows: In the next section, we present briefly the theory of hyperfine structure in an atomic system and the single particle matrix elements of the interaction Hamiltonians which are used to evaluate the hyperfine structure constants. In Sec III, we explain the RCC method little elaborately for the calculation of atomic wave functions. Then, we present the results and their discussions before summarizing the work. Unless stated otherwise, we use atomic unit (au) throughout this paper.
II. THEORY OF HYPERFINE STRUCTURE
The hyperfine structures of energy levels in an atom arise due to the interaction between electron angular momenta with the nuclear spin. Details of this theory is given by C. Schwartz in a classic paper [20] . Mathematically, the hyperfine interaction Hamiltonian is given in a general form as non-central interaction between electrons and the nucleus in terms of tensor operators as
where
and T (k) n are the spherical tensor operators of rank k in the space of electronic and nuclear coordinates, respectively. In the first order perturbation theory, the hyperfine interaction energy W F of hyperfine state |F ; IJ with total angular momentum F = I + J for I and J being the nuclear spin and electronic angular momentum of the associated fine structure state |J, M J , respectively, taking up to k = 2 is given by
with R = F (F + 1) − I(I + 1) − J(J + 1), and A and B are known as the magnetic dipole and electric quadrupole hyperfine structure constant for k = 1 and k = 2, respectively. The advantage of expressing the change in energy in this form is it separates out the electronic and nuclear factors for which the calculations can be carried out in a simple approach. Here A and B are given by [20, 21] 
and
In the above expressions, µ N and g I = µ/I are the nuclear magneton and gyromagnetic ratio, respectively. Since our intention is to verify accuracies of Q values, we estimate B/Q results in this work.
The reduced matrix elements of the electronic spherical tensor operators, T
e , in terms of single orbitals are given by [20, 21] κ f ||t (1) 
) where κ i and P i (Q i ) are the relativistic angular momentum quantum number and large (small) component of Dirac spinor for the corresponding orbital i, respectively. The reduced matrix elements of Racah tensors (C (k) ) are given by [22] 
with the angular momentum selection rule π(ℓ f , k, ℓ i ) = 1 when ℓ f + k + ℓ i = even for the orbital angular momentum ℓ f and ℓ i ; otherwise it is zero.
III. METHODS FOR CALCULATIONS
A. Single particle orbital generation
Accurate generation of atomic orbitals in the nuclear region is very important for the present study. We consider here Gaussian type of orbitals (GTOs) which provide natural description of relativistic wave-functions within nucleus [23] [24] [25] as basis to construct the meanfield orbitals in the Dirac(Hartree)-Fock (DF) approach. Kinetic balanced condition between the large and small components of Dirac spinor are imposed to ensure correct non-relativistic behavior of the orbitals [25, 26] . GTOs to construct an orbital at a particular location r i are defined as
where L(S) represents for large (small) component, k denotes number of GTOs, N correspond to normalization factor for each GTO and η k is an arbitrary parameter which has to be chosen suitably for orbitals from different ℓ symmetries. To get more flexibility in optimization of our basis sets, we use the even tempering condition by defining two more parameters ζ and ν as
The radial grid points r i are defined as
with r 0 is the starting radial function taken inside the nucleus to be 2 × 10 −6 at which the wave functions become finite and h is a step size which is defined by taking maximum radial function r max as 150.0 au and total grid points 1000.
We have considered 40 GTOs for each l symmetry orbitals and the considered ζ and ν are given in Table I for different l values. Due to limitation over computational resources and negligible contributions from the high lying virtual orbitals, we have taken up to 24 orbitals from s, p, d symmetries and 17 orbitals from f , g symmetries to construct active space for RCC calculations.
Also, the orbitals are generated by accounting the finite size of the nucleus assuming a two-parameter Ferminuclear-charge distribution given by
where ρ 0 is the density for the point nuclei, c and a are the half-charge radius and skin thickness of the nucleus. These parameters are chosen as
where r rms is the root mean square radius of the corresponding nuclei which is taken as 3.61 fm [27] .
B. Calculation of atomic wave functions
To calculate matrix elements of the hyperfine interaction Hamiltonian, we use the RCC method where we define atomic wave functions for the considered states with valence orbital denoted by v as [28, 29] 
where the DF wave function |Φ v is constructed as |Φ v = a † v |Φ 0 with |Φ 0 is the DF wave function for the closedshell configuration [3p 6 ] in the considered K atom. In the above expression, T and S v are the excitation operators that accounts for core and core-valence correlations to all orders, respectively. Since K is a small size atom, hence correlation effects among electrons are expected to be less. Therefore role of the higher order configurations in determining atomic wave-function could be negligible. On the other-hand consideration of these configurations are computationally very expensive. Owing to this fact we account only all possible single and double configuration excitations to all orders (known as CCSD method) by expressing the above operators in the Fock space representation as
where the (a, b, c · · · ), (p, q, r · · · ) and (v) subscripts of the second quantized operators represents core (hole), particle (virtual) and valance orbitals, respectively. However expanding Eq. (3.7) using these CCSD operators to all non-linear terms give rises contributions from higher excitations. We determine the above t and s v coefficients which correspond to the excitation amplitudes using the following equations
with the superscript L(=1,2) representing the single and double excited configurations from the corresponding DF states, the wide-hat symbol denotes the linked terms, ∆E v is the attachment energy of the valence electron v and H N denotes the normal ordering atomic DiracCoulomb Hamiltonian H which is taken as
where α and β are usual Dirac matrices, c is the velocity of light. ∆E v is evaluated by
To improve the quality of energy and calculation of wave functions due to the dominant triple excitations containing the valence orbital, we define a perturbation operator S 3v by contracting H N with T 2 and S 2v operators as
with s pqr vbc correspond to excitation amplitudes and ǫ i is the DF energy of the electron in the i th orbital. This operator is considered as a part of S v operator in Eq. (3.13) to get additional contribution to ∆E v . Since ∆E v is involved in Eq. (3.11), we solve both the equations simultaneously in an iterative procedure. This approach is generally referred as CCSD(T) method [30] . The diagrammatic representation of these excitations are shown in Fig. 1 .
The expectation values due to the hyperfine interaction operators have been evaluated using our RCC method by
and N 0 in our RCC approach are nonterminating series. These terms are terminated keeping terms minimum up to fourth order in perturbation. Description of this procedure has been given in the previous works [31] [32] [33] . Contributions from normalization of the wave functions (N orm) are estimated explicitly in the following way
IV. RESULTS AND DISCUSSIONS
Our aim is to obtain B/Q values more accurately in different states of K atom so that they can be combined with the available precise experimental results for B to estimate Q. In order to verify the accuracies of B/Q results from our calculations, it would be felicitous to test the accuracies of the wave functions in the nuclear region. Owing to the fact that our calculation procedure deals with many numerical computations at different stages, along with that it correlates with higher excitations configurations indirectly, hence it would be very difficult to estimate uncertainties from the used numerical methods and approximations taken at the level of excitations. With the intention of verifying accuracies of the wave functions in the nuclear region, we have calculated A for many states in K. Assuming that the anomalous effects due to different nuclear sizes in all the considered isotopes are very small, we evaluate A/g I in 39 K and determine A values for the corresponding isotopes using their respective g I values. We have used experimental values of g I ( 39 K) = 0.2609772, g I ( 40 K) = −0.324525 and g I ( 41 K) = 0.1432467 [9] to estimate these quantities ignoring their uncertainties as they will not meddle the results within the reported uncertainties. Both the calculated and experimental results are compared in Table  II . We estimate uncertainties in our calculations by considering incompleteness of basis functions, contributions from the inactive orbitals in the RCC method, higher order excitation levels and from the neglected terms in the non-truncative series of Eq. (3.15). The upper limit to these uncertainties are given in the parentheses of the above table. Clearly, our estimated uncertainties are fair enough to compare with the available experimental results and our assumption for neglecting the anomalous effects for different isotopes seem to be reasonable.
We also compare our A results for 39 K obtained using DF, CCSD and CCSD(T) methods with another recent calculations [42] in Table III . In Ref. [42] Safronova and Safronova have also used linearized RCC method with singles and doubles approximation (SD method) and including important triples effects for some of the states (SDpT method). They find large differences between their SD and SDpT results in contrast to our finding of small differences between our CCSD and CCSD(T) results. However, both the calculations reveal that the signs of the A values of the 3D 5/2 and 5D 5/2 states are negative, which were not resolved correctly in the measurements. Moreover, these calculations indicate that correlation effects in the considered atom are substantial for which an all order perturbative method like ours is suitable to determine wave functions accurately. To our knowledge, A values are not known experimentally for some of the states in 39 K and close agreement between the results from both the calculations in these states will be very useful to conduct new measurements in the right direction. Also, we have given A values for few excited states where neither measurements nor theoretical calculations are available.
Following A results, we present now our calculated B/Q results using the DF, CCSD and CCSD(T) methods in Table IV for the states where precise experimental B results for 39 K and 41 K are available. We also estimate the uncertainties associated with the results obtained using CCSD(T) method and present them in the parentheses of the same table. The uncertainties are estimated using the procedure as we followed for A. To justify that, trends of correlation effects for both the properties behave in a similar manner, we present contributions from various RCC terms to both A and B/Q results in Table  V for few important states. It is found that, states where angular momentum is larger than half, the contributions from the correlation effects are always of similar scale in magnitude and the contributions coming from OS 2v + cc are larger than OS 1v + cc. This implies that the corepolarization effects are large to estimate B/Q results in the considered atom which are accounted for, up to all orders through OS 2v + cc RCC terms in our calculations. There are no other calculated results for B/Q available to our knowledge in any of the considered isotopes of K to compare with our results.
Both the calculated results for A and B/Q seem to be very accurate, moreover A values are in good agreement with the available experimental results. There are also several experimental results available for B in 39 K as well as 41 K which are given in Table IV 
where we assume C is the extracted value from A/B and [11, 12, 44] . Apart from Ref. [44] , the calculations carried out in these works are rigorous and results reported in [12] are the latest. Q values reported in [11] matches with our estimated values with some overlaps within the predicted uncertainties, however results reported in [12] disagree with us. In both these theoretical works, they have determined electric field gradients at a a Accuracy is expected to be better than 1 percent the nucleus to extract the nuclear quadrupole moments and the results are model independent. But both the calculations are less rigorous than the present calculations. In Ref. [11] , Sundholm and Olsen have used a nonrelativistic large scale finite-element multi-configuration Hartree-Fock configuration interaction (MCHF) method. The core contributions were estimated from the corevalence correlation calculations and the relativistic corrections are accounted separately from the DF calculation. Contrast to this work, we have considered the core correlation and core-valence correlations to all orders and relativistic effects are included to all orders through the RCC method. In fact, their truncative CI method is known to have size-consistent problem [48] against our RCC method. On the other-hand, level of approximations employed to carry out calculations in Ref. [12] by Kellö and Sadlej are comparable to the present work. In their work, calculations are performed with a scalar relativistic Hamiltonian using Douglas-Kroll approach and CCSD(T) method is used to account the correlation effects. Since this approach is better than the above MHCF method, the results reported in [12] were considered to be more accurate and estimated to be within 1% accuracy. However, we find the reported values in [12] are smaller in magnitudes as compared to our estimations.
It will be interesting to see further theoretical studies of B/Q results to draw comparison with the present work. Further, we combine our calculated B/Q results with the newly obtained Q values to determine theoretical results for B in many states of the considered isotopes of K. These results are given in Table VII . We have also neglected here the anomalous effects in calculated B/Q values for different isotopes due to their negligible roles. If some of these B results can be measured more precisely than the reported results, then combining those results with our calculated B/Q values will definitely give rise better Q values in these isotopes. In fact, more precise theoretical calculations of B/Q results in these isotopes can also give rise to more accurate Q values in K.
As can be noticed in Table VII , our estimated B results for different states in K isotopes agree very well in most of the states except with the 3D states. We suggest to carry out further measurements of B in these states to ascertain our results. Theoretical results for B are also given in many excited states for the first time which can be verified by the future measurements.
V. CONCLUSION
We have employed relativistic coupled-cluster method to calculate matrix elements of the hyperfine interaction Hamiltonians in potassium atom. By performing calculations of the magnetic dipole hyperfine structure constants in this atom, we have tested the accuracies of the wave (6) functions in the nuclear region. These wave functions were further used for the electric quadrupole hyperfine interaction studies. By combining our calculations with the corresponding measurements, we obtained the nuclear quadrupole moments as 0.0614(6) b, −0.0764(8) b and 0.0747(7) b for 39 K, 40 K and 41 K, respectively. These results agree with one of the previous work but do not agree with others including the latest reported results. After obtaining nuclear quadrupole moments, we substituted them to obtain electric quadrupole hyperfine structure constants in many states and found very good agreement with the experimental results except for the 3D states. Also, we have given some of the results that were not reported earlier. We suggest further studies of the considered properties to ascertain our results.
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